Abstract A space B is described as W-trivial if for every vector bundle over B, all the Stiefel-Whitney classes vanish. We prove that if B is a 9-fold suspension, then B is W-trivial. We also determine all pairs (k, n) of positive integers for which Σ k F P n is W-trivial, where F = R, C or H.
Introduction and results

A space B is called W-trivial if W (α) = 1 holds for every vector bundle α over B.
Here W (α) denotes the total Stiefel-Whitney class of α. If B is W-trivial, then a kind of Borsuk-Ulam type theorem holds for every vector bundle α over B; precisely, for any integer i with i > dim α, there does not exist a Z 2 -map from S i−1 to S(α), the sphere bundle of α [6, Proposition 2.2]. Thus it would be interesting to ask whether a space is W-trivial or not. As is well-known, the sphere S n is W-trivial if and only if n = 1, 2, 4, 8 (see [5] ). Obviously, the projective space F P n , where F = R, C or H, is not W-trivial for any n > 0. For the stunted projective space F P n m , all (m, n) for which F P n m is W-trivial were determined in [9] ; roughly speaking, F P n m is not W-trivial if and only if m is very small compared with n.
As is seen in the case B = S n , it is not true that if B is W-trivial, then its suspension ΣB is also W-trivial. In this paper, we first prove the following theorem.
Theorem 1.1. For a space B, its 8-fold suspension Σ 8 B is W-trivial if either of the following conditions is satisfied:
(1) B is W-trivial.
(2) The cup product in H * (B; Z 2 ) is trivial.
In general, the cup product in H * (ΣB; Z 2 ) is trivial, so that from the above theorem, we immediately obtain the following result.
Corollary 1.2. For any space B, its 9-fold suspension Σ
9 B is W-trivial.
As is easily seen by using the suspension theorem, a k-connected complex B with dim B 2k + 1 is homotopy equivalent to the suspension of a (k − 1)-connected complex of dimension dim B − 1. By iterating this, we see that a k-connected complex B is homotopy equivalent to the 9-fold suspension of a (k − 9)-connected complex (k > 9) if dim B 2k − 7. Therefore, from Corollary 1.2, we obtain the following result.
This corollary greatly improves Theorem 1.3 in [8] . Since the smallest integer i such that w i (α) = 0 is a power of 2 (see [8, Lemma 2.1]), the above corollary is actually useful only when k 12. For example, we see that a 16-dimensional complex is W-trivial if it is 12-connected. It should be also noted that the 16-dimensional stunted projective space RP 16 k is W-trivial for 9 < k < 16 while RP Next, in this paper, we investigate whether Σ k F P n is W-trivial or not, where F = R, C or H. Because of Corollary 1.2, our interests are only in the case when 0 < k 8. For F = R, we have the following result. This result shows that the condition k 9 is best possible for Σ k B to be W-trivial in general.
For F = C and F = H, we have the following results. It is worth noting that the W-triviality of Σ k F P n does not depend on n for F = C or H.
Throughout this paper, all cohomology is assumed to have coefficients Z 2 unless otherwise stated. The total Stiefel-Whitney class of α is denoted by W (α), and the total Chern class by C(α).
The following two lemmas are straightforward to show but they are of fundamental importance for our proofs of theorems. 
We compute this and show that
Then, by an analogous formula to Formula III of Theorem 4.
We first calculate the product for i's by using
where λ k denotes the elementary symmetric polynomial of degree k and we used the fact that λ k (s 1 , s 2 , . . . , s 8 ) = 0 for 0 < k < 8. Therefore we have
Now, we assume that the cup product in H * (B) is trivial. Then, we clearly have
Substituting these results into ( * ), we obtain
is monomorphic, we conclude that W (α) = 1. Thus the proof of Theorem 1.1 under the assumption (2) is completed.
The proof under the assumption (1) is quite similar. Since W (p * 2 β) = 1 from the assumption that B is W-trivial, we may regard all the t j 's as zeros in our previous calculations. Then we obtain W (p Here we prepare the following lemma, which will be used to prove Theorems 1.4 and 1.5 in later sections. 
where
Proof. We prove only (1) since the proof of (2) is quite similar. Let us put
Then, just like before, we can calculate as follows:
Therefore, we have
Thus the lemma follows.
Proof of Theorem 1.4
In this section, we investigate whether Σ k RP n is W-trivial or not. Since Σ k RP n is W-trivial for k > 8 by Corollary 1.2, our interests are only in the case when 0 < k 8. We divide into three cases: (1) k = 1, 2, 4 or 8, (2) k = 3, 5 or 7 and (3) k = 6.
First we consider the case when k = 1, 2, 4 or 8. The result is as follows. 
where i and j are obvious maps. Let ν denote the Hopf vector bundle over S d and let ξ denote the canonical line bundle over RP n . Since i
where s and t denote the generator of
Before we consider the second case, we prepare a few lemmas.
is monomorphic for all r 0 for dimensional reasons. Therefore, the lemma follows from Lemma 1.8.
Lemma 3.3. Let α be a vector bundle over a complex B. Let r be an integer with r 2 and suppose that w
Proof. We put 2 r−1 = m and consider the inclusion i : B (3m) → B, where B (3m) is the 3m-skeleton of B. For dimensional reasons, the induced bundle i * α is stably equivalent to some 3m-dimensional vector bundle β. Then we clearly have W (i * α) = W (β). We denote by P (β) the associated projective bundle of β, and by e the Z 2 -Euler class of the line bundle β → P (β). In this equation, we like to compare the coefficients of e j 's. To do this, we must rewrite the left-hand side of ( * * * ) so that all summands have exponents of e less than 3m. We calculate using the previous relation as follows: 3m) ) is monomorphic for i 3m, we conclude that Sq j w 2m (α) = 0 for 0 < j < m and Sq m w 2m (α) = w 3m (α). Thus the lemma follows.
Remark. When w i = 0 for 0 < i < 2 r , Wu's formula [10] turns out to be Sq j w 2 r = 2 r −1 j w 2 r +j = w 2 r +j (0 < j < 2 r ). Lemma 3.3 implies that this is zero for 0 < j < 2 r−1 . We also remark that there is a vector bundle over Σ 4 HP 2 such that w 8 = 0 and w 12 = 0 (see [8, Theorem 4.5] ). Thus our result is best possible at least for r = 3. Now, we consider the second case: k = 3, 5 or 7. The result is as follows. 
Proof. We consider the cofibration Σ
r is W-trivial for r 4, it follows from Lemma 1.7 that Σ k RP n is W-trivial, that is, Σ k RP 2 r −k is W-trivial for all r 4. Hence, by Lemma 3.2, we see that Σ k RP n is W-trivial for all n 16 − k.
Let α be a vector bundle over Σ k RP n and let r be the smallest integer such that w 2 r (α) is (possibly) non-zero. Then we obviously have r = 2 or 3 when k = 3, and r = 3 when k = 5, 7. Also, note that 2 r < n + k from our assumption n + k = 4, 8. From Lemma 3.3, we must have Sq 1 w 2 r (α) = 0. On the other hand, since k is odd and 2 r < n + k,
is non-trivial. Therefore, we have w 2 r (α) = 0. We thus obtain W (α) = 1 and conclude that Σ k RP n is W-trivial if n + k < 16 (n + k = 4, 8). This completes the proof of the proposition.
Finally, we consider the third case: k = 6. The result is as follows. Proof. The proof is very similar to that of the preceding proposition. Considering the cofibration S 
is non-trivial since n 4. Therefore, we have w 8 (α) = 0, so that we obtain W (α) = 1. Thus Σ 6 RP n is W-trivial when 4 n < 10. This completes the proof of the proposition.
The proof of Theorem 1.4 is completed by Propositions 3.1, 3.4 and 3.5.
Proof of Theorem 1.6
In this section, we investigate whether or not Σ k F P n is W-trivial for F = H. Because of Corollary 1.2, we have only to consider the case when 0 < k 8. Then, unless k = 4 or 8, Σ k HP n has no cells of dimension a power of 2, so that we have H Cartan formula since Sq U = w (α)U = 0 for 0 < < 2 r . Thus we have a i,j (xU ) = a i,j x · U for x ∈ H 2 j (Σ k CP n ), so that the diagram commutes. Now, in the above diagram, the lower a i,j is trivial by Lemma 5.2. Therefore, we see that the upper a i,j is also trivial.
Therefore, from the arguments in Cases 1 and 2, we obtain [Sq 
